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Coherent distributions for the rigid rotator 


Marius Grigorescu 


This work presents Wigner-type quasiprobability distributions for the rigid 
rotator which become, in the limit h, —)■ 0, coherent solutions of the classical 
Liouville equation known as the ’’action waves” of Hamilton-Jacobi theory. 
The results are consistent with the usual quantization of the intrinsic angu¬ 
lar momentum, but for the expectation value of the Hamiltonian, a hnite 
’’zero point” energy term is obtained. It is shown that during the time 
when a quasiprobability distribution evolves according to the Liouville equa¬ 
tion, the related quantum wave function should satisfy the time-dependent 
Schrodinger equation. 
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1 Introduction 


The models of rigid rotation concern finite many-particle systems having a 
well-defined instantaneous intrinsic frame. The space Q of static configura¬ 
tions is in this case the group 50(3, M) while the low-energy dynamics can 
be described as a Hamiltonian flow on the phase-space M = T*50(3,R) [1]. 

For the atomic nuclei such an intrinsic frame is dehned by a deformed 
mean-held. The residual interactions between protons and neutrons can also 
be taken into account by models of two coupled rotator^, applied to study 
the low-lying isovector magnetic excitations [2113]. Similar considerations for 
the isospin degree of freedom have been presented in [H [S] . 

Distributions on T*50(3,M) appear in the treatment of statistical en¬ 
sembles of microscopic rotators. Such ensembles are particularly interesting 
because unlike the space Q = of the translation coordinates, the spaces 
50(3, M) of the intrinsic rotations are physically distinct and of hnite vol¬ 
ume {vr = Stt^). For the polyatomic molecules the moments of inertia are 
large, and although the statistical weight may include the nuclear spin de¬ 
generacy [6|, the thermal equilibrium is described by the classical Boltzmann 
distribution. At low temperatures the partition function is calculated us¬ 
ing the spectrum of the quantum Hamiltonian, which is well-known up to a 
controversial ’’zero-point” energy term. Proposed during the early days of 
the quantum theory [7] to explain the specihc heats of diatomic gases, hnite 
ground state-energy terms have been retrieved in the more recent years for 
the rigid rotator from geometrical considerations [8l[9l[T0], and for the simple 
(linear) rotator by using reduced Wigner quasiprobability distributions [TT] . 
Though, by adapting the known Wigner transform [12] from to 50(3, M), 
an additional ’’quantum potential” term was obtained [T3] . 

In this work Wigner-type distributions for the rigid rotator will be intro¬ 
duced along the lines of [TTl ITS] [16], by discretizing the Fourier transform 
in momentum of the ’’action waves” on T*50(3,M). The classical dynam¬ 
ics of the rigid rotator is presented in Section 2, both as a Hamiltonian 
system on T*50(3,M) and as geodesic motion on 50(3,M). The coherent 
solutions of the classical Liouville equation provided by the ’’action waves” 
of the Hamilton-Jacobi theory are presented in Section 3. It is shown that 
by a suitable discretization of their Fourier transform in angular momentum 

Whe term ’’rotator” was preferred here for being closer to ’’rotating body” than the 
common form ’’rotor”. Though, there are references in which ’’rotator” designates only a 
linear rotating object (J^ = J 2 > 0, A = 0). 
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it is possible to obtain quasiprobability distributions on T*S'0(3,M) which 
are consistent with the usual quantum treatment. However, for the expec¬ 
tation value of the Hamiltonian, a hnite ’’zero point” energy is obtained. 
Conclusions are summarized in Section 4. 


2 The Euler equations 

The group S'0(3,M) consists of the 3x3 real, orthogonal, unimodular ma¬ 
trices, 

^0(3, M) = {7^ ; 7^^7^ = J, det7^ = 1} . (1) 

This group is a compact manifold, such that every rotation TZ can be speci- 
hed by the versor g of the rotation axis and the angle 7 of rotation around 
this axis, which means by the vector yg G , |g| = 1, 7 e [ 0 , 7 r]. 

Usually, TZ is specihed by the Euler angles These parameters are 

continuous variables, and S'0(3,M) is not the limit of a sequence of discrete 
subgroups. The largest discrete subgroup which covers uniformly 50(3, M) 
is the icosahedron group, with 60 elements ira. 

If 50(3,M) acts on by (covariant) rotations e(, = ^f the 

coordinate axes, the position vector r = Yhk ^ fixed point in space re¬ 

mains invariant, and its coordinates are subject to the (contravariant) action 
q[ = where TZ^ = (7?.®)^. Using the Euler parametrizatioiu these 

matrices take the form 

^ ^ 7 ^<? ^ g74g0^ig<^4 ^ (^ 2 ) 

where i = 1, 2, 3, are 3 independent, antisymmetric, 3x3 matrices, 

with elements {^i)jk = —epfc {^ijk is the Levi-Civita symbol) and commutation 
relations 

0] ^ijk^k ) [U; ^ijk^k ■ (3) 

To describe the rigid rotator, the “laboratory” frame versors 61 , 62,63 are 
supposed to be fixed, and a rotated frame 6 j^, 62,63 is intrinsically attached 
to each orientation in of the rotator, such that its configuration space can 
be identified with 50(3,M). If ( 99 , 6 ','^) depend on time, the derivative 

iz<^ = = (4) 


^In quantum mechanics the second rotation is taken around the y-axis, which corre¬ 
sponds to a change of y, k” below into tp -\- 7r/2, 1 /; — 7J‘/2. 
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defines the components of the angular velocity Ui, w', 
the laboratory, respectively in the intrinsic frame, 

oj[ = 0 cos "0 + 0 sin 6 sin 

002 = 'ip + ip sin 9 cos tp 
oj'^ = p: + ip cos 9 . 

Similarly to dl]) it is convenient to dehne the generators of the translations 
to the left (Yfc) and to the right (Zk) by 

= = . (5) 


Explicitly, 


Yi = cos pode + - cos 9d^) , Y 2 = sin ipdg - ^ {d^ - cos 9d^) , 

sm 6 * sm 6 ^ 


F 3 = and 


sin'^ 


cospj 


Zi = cos'ipdg + — — -(d^-cos9d^) , Z 2 =-smipdg +— — -(d^-cos9d^) , 
sm 6* sm 6* 

Z3 = d^. Thus, Zk{p>,9,p)) = -(-l)^Yfc(V’,6',(p) and 

[hi, Tj'] (^ijkYk , [-^i; -^j] ^ijkZki i [hi, Zj\^ 0 , 


such that the components Xk of a left-invariant vector held X G TSO{3,M.), 
([X, Ffc] = 0), X = '^i^XkZk, are interpreted as ’’intrinsic”. 

The basis Zk of left-invariant vector helds on TS'(9(3,M) can be related 
to a local basis (k of one-forms on T*SO{3,MP), 


Cl = sin 9 sin pjctip + cos ipd9 


(p 2 = sin 9 cos xpdip — sin ipd9 
Cs = cos 9d(p + d%p , 

such that Ci{Zj) = (Ci, Zj) = 6ij. It is easy to check that 

dCi = “C2 A (3 , d(2 = —Cs A Cl , dps = —Cl A C2 


and Cl A C 2 A Cs = — sin 9d(p Ad9 A dpj. Thus, if the tangent to the trajectory 
is expressed in the form = ipd^ + 9dg + ipd^, then are 
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the intrinsic components of the angular velocity. 

The 1-forms Q can be used to dehne a symmetric 2-form on TSO{3,M.), 
B ~ ® Ck-} 

B{X,Y) = J2hCk{X)Ck{Y) , X,Y eTSO{3,R) . 

k 

If Jfe > 0 are the intrinsic moments of inertia (constants), then the kinetic 
energy of the rigid rotator can be written in the form T = B{Xr, Xr) /2. By 
the Legendre transform L [1], the 2-form B provides a map L : TSO{3, M) —)■ 
T*S'0(3,R), X -)■ Lx, Lx(L) = B{X,Y). In particular Lx-r = Y^kPkCk, 
with pk = such that the kinetic energy T also dehnes the classical 

Hamilton function H = Ylk Pk/^^^k- 

Let 0 = J2kPkCk be the canonical 1-form on M = T*S'0(3,M), and fl = 
—dO the symplectic form. The dynamics of the rigid rotator can be described 
either as a Hamiltonian flow on (M, hi), induced by H, or as geodesic motion 
on S'0(3,M) for the metric B. 

2.1 The Hamiltonian approach 

In classical mechanics the observables are represented within the set X{M) 
of the smooth real functions on the symplectic manifold {M,Q). Let Xj be 
the vector held provided by ixf^ = df, f ^ X(M), where ixf^ denotes the 
inner product between Xf and hi. The set X{M) becomes a Lie algebra with 
respect to the Poisson bracket {*,*}, 

{f,g} = {df,Xg)=u{Xf,X,) = -Lx,g, f,geX{M) , 

in which Lx denotes the Lie derivative with respect to X. In the case M = 
r*S'0(3,M), n = —d©, we get 

{/, 9 } = '^{Zkfdp^g - ZkgdpJ) - p- {dpf x dpg) , 

k 

where dp^, = d/dpk, p = (pi,P 2 ,P 3 ) and f,g E X{M) are functions /(T?.,p), 
oiTZ = TZ^ G S'0(3, M) and p G In particular, for the angular momentum 
components pi and k = Y.k'^ikPk, we get {pi, Pj} = -eijkPk, respectively 
{hylj} = ^ijkdk- A local set of canonical coordinates on T*SO{3,M.), related 
to Wigner distribution dehned in [TB], is presented in Appendix 1. 


5 


Considering the vector fields X on M of the form X = Yhk^'kZk + Pkdp,^, 
the condition ixn^ = dH rednces to the Enler eqnations 

uj'f, = pk/Ik , p = pxuj' . (6) 

2.2 The geodesic approach 

In the geodesic approach we take i? as a left-invariant metric on TSO{3,M.), 
LyB = 0. A cnrve TZit) on S'0(3,M) is a geodesic with respect to B 
if its tangent field Xr is ”antoparallel”, in the sense that = 0, 

where Vx is the covariant derivative with respect to X indnced by the 
metric B. This derivative is specified by the condition LxB{Xi, X 2 ) = 
B(VxXi, X 2 ) + B{Xi,XxZ^ 2 ), used to calcnlate the Christoffel symbols T. 
Becanse LzXj{Zk) = ^ijk, iu the basis {Zk,k = 1,2,3} of the left-invariant 
fields we get XzjZk = Xli with T*;. = -{Ij-h)eijk/h- Taking of the 
form Xr = Y,k ^'k{^)Zk, the condition = 0 yields Cj[ = — Yjjk 

which is the same as ([6]). For a spherical rotator Ji = /2 = Is = /, T = 0, 

T = + 9'^ + + 2cos9 pii) , (7) 

and p = luj' is a constant. In the integrable basis d^,dQ,d^, ([7]) corresponds to 
a metric tensor g having the non-vanishing components = gee = Qpp = 1, 

9<pP = 9pip = cos^ {dvR = dpd9d%ljy/detg) which yields the Ricci tensor 
R = g/2 and the scalar cnrvatnre 

= = | . ( 8 ) 

3 The Liouville equation 

Let {Mp, flp) be the classical phase-space of an elementary rotator p (e.g. 
molecnle), and (Mr, fir) the phase-space of the ensemble (gas) consisting of 
N identical elementary rotators [18] . 

N 

My' = A4i X A42 X ...Mx ■, ~ ^ . (9) 

11=1 
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For a statistical description of the ensemble we presume that on each manifold 
can be dehned a partition in K inhnitesimal cells, {hj ; j = of 

volume 5v^ = dv^cPp, 

dvR = sinOdpdOdip , d^p = dpidp2dp^ . (10) 

This partition induces a partition of Mr in cells Bj of volume 

3 = Denoting by Wj the probability of hnding the representative 

point m E Mp, for the state of the ensembl^ at the time t, localized in Bj, 
the ratio Fj = Wj/6V^ dehnes the distribution function F of the probability 
density. This is symmetric at the permutation of the rotator indices and 
normalized by 


dVrF = l 


'Mr 


dVr = n^^.idvRd^p), 


It is important to remark that a dehnition of F with respect to the par¬ 
tition {Bj ; j = IjUb} does not ensure F E B(Mr). A more suitable de¬ 
scription would require a covering of Mp, dehned as an indexed system of 
open sets E /}, such that UjlTt = Mp, and a system of g-cochains [T9] , 
g = 0,1, associating to each set of g -F 1 indices io, from / a function 
Fg(*o, •■•Ag) e M on Ui^ n n f/*^. 

Because dvRd^p = | |, the volume element dVp is invariant to the Hamil¬ 

tonian how on Mp, and F evolves according to the continuity (Liouville) 
equation 

aiF = {Mp,F}p , (11) 

where { , }p is the Poisson bracket on Mp and Mp is the Hamiltonian of the 
ensemble. The mean value of an observable A E M(Mp) is 

< A >F= f dVrF A , 

J Mr 


and 

-—^=<{A,Mp}p>F . (12) 


^The permutations of the rotators yield N\ possible representative points for the same 
physical state of the ensemble. 
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For an ensemble of non-interacting rotators a particnlar solntion of (ITT]) is 
F(m,f) = f), where f G is a solntion of the Lionville 

eqnation on T*S'0(3,M), dt^ = {iJ, f}, with H = Yhk namely 

dt^ + eijkPi^dpJ = 0 . (13) 

k ^ ijk 1 

Let f be the Fonrier transform of f with respect to the intrinsic angnlar 
momentnm, 

f(7^,r,^) = j d^pe^^ Pfin,p,t) . (14) 

Thns, if f(7^, p, f) is a solntion of flT^ . then f(7^, r, t) will satisfy 

- i y] yZidrJ + i y eijk^dr^drj = 0 . (15) 

i ijk 

Particnlar solntions of this eqnation are related to local Lagrangian snbman- 
ifolds A C T*50(3,M), snch that 0|a = dS, where S{TZ,t) is the generating 
fnnction of the Hamilton-Jacobi theory. These solntions are of the form 

fo(7?., r, f) = n(7^, f)e'“''^'^ (16) 

where the density n > 0 and S are real fnnctions on S'0(3,M) which satisfy 
the continnity and, respectively, the Hamilton-Jacobi eqnations 

S,n + 5 ; Zt(nM) = 0 , = 0 . (17) 

fc ^ k ^ 

The inverse of (ITTl) . 

f(^,P,f) = J dh e“‘’"^“f(7^,r,^) (18) 

takes in this case the form of the classical ” action distribntions”, 

fo(7^,p,^) = nJ(p-ZF) . (19) 

These are coherent solntions of flT^ in the sense that dnring time evolntion 
remain the same fnnctionals of n and S. 

The qnantnm (Wigner-type) distribntions are related to a pecnliar form 





of f(7^, r, t), in which the variable r (Fourier dual to p) enters as a parameter 
for translations on the conhguration space. To obtain this functional we note 
that in flT 6 |) Z is the generator of the translations to the right, and therefore 

r ■ ZS{n) = lim , (20) 

cr ->-0 a 

where a is a real parameter, or-,^ is an element of the Lie algebra so(3, M), and 
7 = (T|r| has the signihcance of a rotation angle. On the Cartan subalgebra 
of any semisimple Lie algebra we can introduce a lattice structure, dual to 
the lattice of the weights, while discrete rotation angles are associated with a 
complete orthonormal set of angle states [201 El]- Moreover, the commutation 
relations [Zi, Zj] = eijkZ^ are due to the nonlinearity of the operator Z, which 
is effective only outside a certain ” inhnitesimal domain” around identity of 
the angular coordinates. Thus, near r = 0 the derivative fl20|) may retain 
the nonlocal, hnite differences expression, in which a is a small, but hnite 
constant. Considering a = h, flTO]) suggests the ’’quantum” form 

f^(7^,r,^) = T(7^e'*"■«/2)^*(7^e-^’'■«>) , 

where T = ^/n is the complex wave function. This expression, in princi¬ 
ple, will provide by flT^ a phase-space distribution f,i,, but due to the inhnite 
integration domain over r, such a functional will not have the properties of 
the Wigner quasiprobability distributions. Therefore, at p/h large, we may 
consider instead the functional 

fly(7^,p,^) = / dhj^i—) e-‘^-^ fg>(7^,r,^) , ( 21 ) 

Jr<n/h ^ 

where r = |r| and jo{x) = x~^ sinx. Using the new variable 7 = hr, (I2T]) can 
also be written in the form 

= / #77(h . ( 22 ) 

{2'KhY 2 

The vector 7 = ( 71 , 72 , 73 ) = 7 g, g = (cos a sin/?, sin a sin/?, cos/3), yields 
the parametrization of the rotation matrices by the exponential mapu, TZ = 
exp( 7 i,^i -|- 72.^2 + 73 ^ 3)5 and is related to the Euler angles by 

cos/?(l — cos 7 ) cos a -f sin 7 sin a 

tan(p =-—--—-^- , 

cos /?(1 — cos 7 ) sm a — sm 7 cosa 

7 provides the character Xi( 7 ?.) = Tr(TZ) = 2 cos 7 + 1 . 
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tan-^ = 


cos/ 3 (l — cos 7) cos a — sin 7 sin a 
cos/ 3(1 — cos 7) sin a + sin 7 cos a ’ 


cos 6* = 1 — 2sin^/9sin^(7/2), and 

dip = da — a{dl3 -^— —d'j) , dip = —da — a(d/3 -^— —d'y) , 


sin 7 


sin 7 


where a = sin/3sin7/[2 — 2 sin^/3sin^(7/2)]. The factor ^0(7/2), 7 = I7I 
(found also in [I 7 ]- 14 . 7 ), was introduced such that Jq( 7/2)^71^72(773 becomes 
in the Euler parametrization the volume element dvR = smOdipdddip. In this 
case, if ^wi and ^W2 are given by Ti, respectively 4/2, then 

< fivi >fvK2= l(^i|^2)P/(2vrh)^ . 

The mean values of the intrinsic angular momentum components, 

< Pk >fw— / d^p dvR pk fiv = 


can be estimated considering that the integral over d^p yields a delta function 
the hrst derivative of / 2 ) vanishes at 7 = 0, and 

such that 

< Pi >fw= // *R[(h'i')'i'’ + 'i'(h»)’] . 

where L/ = —ihZk is the intrinsic angular momentum operator. This op¬ 
erator is Hermitian with respect to the volume element dvR, and therefore 
<Pk >w= (4'|L/|T). 

The calculation of < p^. >f^ involves second derivatives with respect 
to 7fc and proceeds similarly, excepting for the second derivative / 2 ) 

at 7 = 0 , which is — 1 / 6 . Thus, the operator associated to p\ by is 
(L/)^ -|- h^/6, and the Hamiltonian operator 


LI S^I^'k 1 
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contains beside the usual part a zero-point energy term cq = For 

a spherical rotator cq = h^/4/ = where i? is the scalar curvatur^ 

dHj), in agreement with [9]. 

Because jo(0) = 1, from fl2ll) we get the limit hm;j_j,o fw = fo, which is a 
coherent distribution. It can also be shown that a necessary condition for f[v 
to be a solution of the Liouville equation is that ihdt^ = hf'h (Appendix 2). 

A more general expression of can be obtained by writing the factor 
^-irPlh ([^ in terms of the 1-form 0p = J2kPkCk, where pk are con¬ 
stants. Because g ■ Z = we get 7 ' d = 7(0p, d^) = h^piJZ^, C^), where 
the phase 

^p{TZy,C^) = — [ ^^^^Qp\cj 5 = 

is the integral of Qp/h along the line = {e*^'‘^ , t G [— 772 , 7 / 2 ]} between 
and 71^“^. An intrinsic expression of f^/, independent of coordinates, 
should be therefore of the form 

%(7^,p,[C]) = -^ / ^ ^23) 

[ZTTny Js03 

where C G [C] is a curve of a suitable type. 

It is important to remark that Xp = p • Z is a characteristic vector of 
ojp = —dQp, {ixp^p = 0 ), such that if Gp C SO{3, M) is the stability subgroup 
of p, then Mp = SO{3, M)/Gp has a symplectic structure given by the 2-form 
Uo, 7i*uJo = ^pi where tt is the projection tt : SO{3, R) —)■ Mp along the orbits 
ofXp. 


4 Concluding remarks 

The Wigner transform dehnes quasiprobability distributions on the phase- 
space M = T*R^ which evolve as coherent solutions of the classical Liouville 
equation for particles subject to uniform or elastic force helds [2]. It also 
relates classical and quantum expectation values for many observables and 
provides a basis for the statistical interpretation of the scalar product be¬ 
tween quantum wave functions. However, to hnd the geometrical structure 

®In the basis 5 q,, dp, the metric tensor g is diagonal, with gaa = 5 / 3/3 sin^/3, gpp = 
4sin^(7/2), g^^ = 1. 
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underlying these properties, it is necessary to go beyond T*M^. 

The case M = T*S'0(3,M) corresponds to the rigid rotator, and the 
proposed extension is fw of fl2^ . This functional reduces to the ’’action dis¬ 
tribution” fo flT^ in the limit h —)■ 0 and ensures the usual quantization of 
the intrinsic angular momentum. Though, the classical expectation value of 
the intrinsic Hamiltonian contains beside the usual ” quantum part”, a zero- 
point energy term. This term is positive dehnite and reflects the compact, 
rather than the non-abelian structure of SO(3, M). 

Formally, a local distribution function on T*SO{3, M) can also be defined 
as reduced Wigner transform on T*M^, (Appendix 1). Compared to this, 
the intrinsic approach has the advantage of providing more insight into the 
fundamental aspects of the transition between classical and quantum distri¬ 
butions, by taking into account the specihc geometry of the problem. 


Appendix 1: the T*M^ —)■ T*SO{3,M.) reduction 

The covering group of S'0(3,M) is SU{2), which is homeomorphic to the 
sphere C [22]. Thus, a quasiprobability density on T*S'0(3,M) can be 
obtained by reduction from the standard Wigner transform of an extended 
wave function Te(A) on R^, 

+ 5 a -) - ^K) 


where X, P, K are 4-vectors of the form X = (xi, 0 : 2 , 0 : 3 , 0 : 4 ), specihed by the 
Cartesian components Xi. Let {r,6,u,r]) be the spherical coordinates on R^, 
0 G [0, tt], zz, ry g [0, 27r], such that 


Xi 


e 

r cos - cos u 


X2 


e 

r cos - sin v 
2 


x^ = r sm - cos rj , x^ = r sm - sm rj 


Thus, Yhk^'k — for r = 1 we get 


ax 


xi -|- ia;2 X 3 — ia;4 
—X3 — ia ;4 xi — 1x2 


G SU{2) 


The volume element = dxidx 2 dx^dx 4 , = sin 6dOdudr]dr/A yields for 
the ball of radius R the volume Vba = 7 r^P^/ 2 . Thus, the ’’area” of the unit 
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sphere S^, which can be taken also as the volnme of SU{2), is Vsu 2 = 27r^. 
In spherical coordinates, the canonical symplectic form on uje = 

A dpki Pk = rnxki takes the formic 


uJe = dr A dpr + dO A dpg + dv A dpi, + dp A dp^^ , 


^ n 2 2^- 2 • 2 ^ • 

Pr = mr , pq = m—U , py = mr cos 2 ^ ’ Pv ~ 1 


providing the volnme element on T*M^, \u:'^\ = drdOdudpdprdpgdpydprj. Be- 
canse J \ojI\ fe(X, P) = 1, the rednced Wigner distribntion on T*SU{2) is 
dehned by 


^SU2{0,U,p,pe,Py,Prj) 




dpr fe(X,P) 


The projection SU{2) -A S'0(3,M) consists in the identihcation of the S'^ 
poles X = (1, 0, 0, 0) and (—1, 0, 0, 0). Thns, isu 2 provides fnrther a distribn¬ 
tion f 503 on T*S'0(3,M), expressed in terms of the Enler angles and 

the related momenta Pe,p,p,Pp, if it remains well dehned after the change of 
coordinates 


u = 


p + 1!) 


V = 


ip-'ilj 


Pu Pip "h Pip 1 Pr] Pp Pip 


The volnme of the phase-space element is invariant at this projection, bnt we 
shonld note that the volnme of the conhgnration space decreases by a factor 
of 2. 


Appendix 2: the coherence of the quantum distributions 

Theorem. Let be the Fonrier transform in momentnm of the qnantnm 
qnasiprobability distribntion fyr on T*SO(3,R), 

fvy(P,r,t) = j d^p ■ (24) 

Then, in the limit r ^ 0 : 

z) fwin, r) ~ U±^ = 7 = hr, and 

ii) a necessary condition for fyr to satisfy the Lionville equation (IT^ dtfw = 

®For a particle of mass m on T*R^, oj = J2k dxkAdpk = dr A dpr + d9 A dpg + d(p A dp^, 
with Pr = mr, pg = mr^O, p^ = mr"^ sin^ Op. 
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{H, fw} is that th evolves according to the time-dependent Schrodinger eqna- 
tion = H'^. 

Proof. The hrst assertion was discussed in Sect. 3, at the dehnition of 
fw Thus, by the transform fl2T|) of fl^ we get 

fw^(7^,r)=Jo2(^/2)T(7^e^■«>)T*(7^e-"■«>) , 7 = , 

in which 20(7/2) decreases slowly from 1 to 0.4 when 7 e [0,7r]. 

For ii) we hrst obtain from fl2T)) 

{dt - iha ■ h)^w = j d^P {dt^w - {H, fw}) , 


where a, b are the operators hi = bi = Zj — J2jk ^ijkljd'yk- Thus, if 

is an exact (coherent) solution of (IT^ then (dt — iM-b)fvy = 0. To calculate 
bJiY we note that Z acts only on the parameters of 7Z, such that 

bfw = 2o'(7/2)[(W.,vl/)(;7_.,vl/*) + (f/^vl/)(W_.,vl/*)] . (25) 


Let Y'^ and 7d be the generators of the left and right translations for the 
element TZ^ = exp(7 • ,^), with 7 = 7g. Explicitly 


= 5.. + 


/-I 

7 


Vf+ -(gx V^). 


^7 = ^ 7 . 


+ 


/-I 

7 


vf - i(g X V-' 


where 7(7) = (7/2) cot(7/2) and is the angular part of + 

(similar expressions have been derived in [23] )• Thus, A = g x = Y'^ — 7? 
is independent of 7 and acts only on g (the angular part of 7, conhguration 
space for the simple rotator), such that XiU±^ = ZiU±^ — U±^Zi. However, 
hi = Zi — Aj, hiU±^ = (Zi — Xi)U±^ = U±^Zi, and fl25]l becomes 


b~fw = + {U,'^){U-,Z,^*)] 


The action of hi on this function takes a simple form only if 7 = hr is small or 
along the Taxis, when and d^Jj^ = (Zi/2)IJ^ = ij^Zil2. Thus, 

presuming that 7 is small and hiU±-y ±U±-yZi/2Ii, we get 

-h^a ■ bfvK ~ - (U^^){U_^H'^*)] , 
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with H = —h^ Zf /2Ii (up to a constant). Introducing k = dt + iH/h, 

{dt - ihk ■ hkw ~ , 

such that if fvc is a solution of the classical Liouville equation then AH' = 0, 
namely 11' is a solution of the time-dependent Schrodinger equation ihdt^ = 
H'^. In general, we may expect that the coherence (functional form) of f^/ 
is maintained as long as fv(/(7^, r) has signihcant, non-vanishing values only 
for h,|r| TT. 
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